Abstract-In this paper, we propose mixed generalized Hermite-Legendre spectral method for partial differential equation set in an infinite strip. We investigate mixed generalized Hermite-Legendre approximation. We propose the new algorithm for various boundary condition problems with variable coefficient. The global convergence of proposed algorithms is proved. Numerical results demonstrate the spectral accuracy of these new approaches and coincide well with theoretical analysis.
I. INTRODUCTION
The spectral methods developed rapidly in the past three decades. The main merit of spectral methods is the high accuracy. However, the usual spectral methods are available only for periodic problems and problems on bounded rectangle domains [1, 3] . But many practical problems are set on unbounded domains. For these problems, the simplest way is to confine our calculation to a sufficiently large subdomain with certain artificial boundary condition. However, it causes additional errors. Thus it seems better to solve such a problem directly.
Recently, some authors developed the Laguerre spectral method for differential equations defined on the half line [11, 12] and Hermite spectral method for differential equations defined on the whole line [4] . But so far, most of the existing work about unbounded domain concerns only one-dimensional problems. Unfortunately, many differential equations are set on multi-dimensional unbounded domains and with variable coefficients. The numerical treatment of these problems is not simple, mainly due to the fact that there is few theorem of various orthogonal projections dealing with variable coefficients, which leads to the difficulty of proving the convergence of schemes
The aim of this paper is to develop the mixed generalized Hermite-Legendre spectral method for differential equations defined in an infinite strip. We investigate various orthogonal projections and derive some mixed generalized Hermite-Legendre approximation results which serve as the mathematical foundation of related spectral methods for unbounded domains. As examples of their important applications, we propose the new numerical algorithms, in which the corresponding discrete linear system for unknown coefficients of numerical solution is symmetric and sparse and so can be resolved very efficiently. We introduce a general framework for error estimates of various boundary condition problems with variable coefficient. By using some results on this new mixed generalized HermiteLegendre approximation, we obtain the error estimates for the proposed spectral scheme. we provide the numerical results, which demonstrate the high accuracy of this method.
II. HERMITE FUNCTION APPROXIMATION
In this section, we first recall some results about the new generalized Hermite approximation. We first The set of
is the complete orthogonal system, 
with the corresponding eigenvalues l = 2 l  . They fulfill the following recurrence relations
Now, let M be any positive integer and M P (R) is the set of all algebraic polynomials of degree at most M. we define Hermite function space as
, we have that
.
 
Repeating the above procedure r times, we complete the proof. (4) and integration by parts, we have that 
Proof. By virtue of (5), we have that 
This is the desired result. Next,we define the projection
In particular,
Proof. Using the projection theorem, we get that
, Combining the above inequality with
A combination of the above two inequalities leads to the case 1   Next, we consider the following auxiliary problem 
, 
We have that from the above
Combining (10) with (11) yields
This ends the proof of (8) Let
The property of 
Proof. By virtue of the projection theorem, we obtain that
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   The proof see (cf. [7] ). There also a simple interpolation argument allows for deriving the general result: for any nonnegative real numbers s, the following identity holds
Next, we recall the some results on Legendre orthogonal approximation. The Legendre polynomial of degree l is defined by Proof. By projection Theorem, we derive that 
Using Theorem (1), we obtain that
This ends the proof. Next, we define two spaces
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The orthogonal projection 
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Similarly, we have that from Theorem 2.3 and Theorem 3. 
The desired result follow from the above two inequalities and (29).
Finally, we define the orthogonal projection
The space ,   24  2  2  2  2  2   2  2  2  2  2  2  2  2 
IV. APPLICATIONS
In this section, we apply the mixed Hermite-Legendre approximation to various boundary condition problems.
First, we consider the following Dirichlet problem 2 u u f , u 0, .
If the distribution f is given in The spectral scheme for (4.1) is to find
Next, we analyze the numerical error of (35). Subtracting (35) from (34) yields that 
When the distribution f is given in 2 H ( )  Ω , a weak formulation of (40) is to find u in 0 H ( ) 2 Ω such that
By virtue of Lax-Milgram Theorem, it has a unique solution.
The spectral scheme for (42) is to find
Next, we analyze the numerical error of (4.10). Subtracting In Figure 1 , we plot the global errors lg10 of M,N E , which is about the scheme (4.3), with various values of N. They indicate that the global errors decay exponentially as N,M increases. They coincide very well with theoretical analysis.
Next, we discuss the scheme (4.10). To describe the numerical errors of scheme, Let 2 4 M,N M,N L E = u-u . Finally, we discuss the scheme (4.17). To describe the numerical errors of scheme, Let 
VI. CONCLUDING REMARKS
In this paper, we proposed the mixed generalized Hermite-Legender spectral method for various boundarycondition problems defined in an infinite strip. We investigate various orthogonal projections and derive some mixed generalized Hermite-Legender approximation results. We introduce a general framework for error estimates of various boundary condition problems with variable coefficient. We propose the numerical algorithms for two-dimensional various boundary condition problems with variable coefficient, which have fascinating advantages.
The suggested mixed generalized Hermite-Legender spectral method is based on the modified generalized Hermite-Legender approximation. They provide the global numerical solution and the global convergence naturally.
Benefiting from the rapid convergence of the generalized Hermite function and Legender polynomial, the mixed spectral method possess thespectral accuracy.
The numerical experiments showed the efficiency of the mixed spectral method and coincided with theoretical analysis very well.
Although we only consider some model problems, the suggested methods and techniques are also applicable to many other problems, such as various evolutionary partial differential equations.
